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Enumeration of a Structure B
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Let A = (N; Ry, ..., Rk, =, #) be a countable abstract
structure.

» An enumeration f of 2l is a total mapping from N onto
N.

» forany A C N4 |et
F1(A) = (%1, Xa)  (Fx1).. .., F(xa)) € A}.
» ) =FY R f (R f (=)@ 1(#).
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Degree Spectra

Definition (Richter)
The Turing degree spectrum of 2

DSt(A) = {dr(F~1(A)) | f is an injective enumeration of 2}

» J. Knight, Ash, Jockush, Downey, Slaman.



Enumeration reducibility earee Specta
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s Degree Spectra
Definition
We say that I' : 2N — 2N is an enumeration operator iff for
some c.e. set W, foreach BC N

r(B) = {x|(3D)[(x, D) € W; &D C B]}.

The index i of the c.e. set W; is an index of I' and write
r=r;

Definition

The set A is enumeration reducible to the set B (A <¢ B),
if A= T,(B) for some e-operator I’;.

The enumeration degree of Ais dg(A) = {B C N|A =, B}.
The set of all enumeration degrees is denoted by De.
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The enumeration jump
Alexandra A.
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Given a set A, denote by AT = A@ (N\ A).

Degree Spectra

Theorem
For any sets A and B:

1. Aisc.e.inBiffA<c BT.
2. A<t Biff A* <¢ BT.
3. Ais¥% ., relatively to B iff A<¢ (B*)(").



The enumeration jump

Definition
Given a set A, denote by AT = Aa (N A).

Theorem
For any sets A and B:

1. Aisc.e.inBiffA<c BT.
2. A<t Biff A* <¢ BT.
3. Ais¥% ., relatively to B iff A<¢ (B*)(").

Definition
For any set A let K4 = {(i, x)|x € Ti(A)}. Set A' = K.

Definition

A set Ais called fotal iff A=, AT.

Let de(A)' = de(A’). The enumeration jump is always a
total degree and agrees with the Turing jump under the
standard embedding ¢ : D1 — D¢ by (d7(A)) = de(AT).

w-Degree Spectra
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Degree Spectra
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Degree Spectra

Definition (Soskov)
» The enumeration degree spectrum of 2
DS(2) = {d.(f~1(2)) | fis an enumeration of 2A}.

If a is the least element of DS(2(), then a is called the
degree of 2.

» The co-spectrum of A
CS(2) ={b: (va e DS())(b <a)}.

If a is the greatest element of CS(2() then we call a the
co-degree of 2.
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Degree Spectra

Definition
The nth jump spectrum of 2 is the set

DS,(2) = {de(f'(2)() : fis an enumeration of 2A}.

If a is the least element of DS,(2), then a is called the nth
jump degree of .

Definition
The set CS,(2A) of all lower bounds of the nth jump
spectrum of 2 is called nth jump co-spectrum of .

If CSp(2A) has a greatest element then it is called the nth
Jjump co-degree of .
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Example (Richter) Degree Spectra
Let 2 = (A; <) be a linear ordering. DS(2() contains a

minimal pair of degrees and hence CS(2) = {0¢}. 0¢ is

the co-degree of 2. So, if 20 has a degree a, then a = 0.
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Examp|e (R|Chter) Degree Spectra

Let 2 = (A; <) be a linear ordering. DS(2() contains a
minimal pair of degrees and hence CS(2) = {0¢}. 0¢ is
the co-degree of 2. So, if 20 has a degree a, then a = 0.

Example (Knight)
For a linear ordering 2(, CS1(2) consists of all e-degrees
of zg sets. The first jump co-degree of 2 is 0.
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Example (Richter) Degree Spectra
Let 2 = (A; <) be a linear ordering. DS(2() contains a

minimal pair of degrees and hence CS(2) = {0¢}. 0¢ is

the co-degree of 2. So, if 20 has a degree a, then a = 0.

Example (Knight)
For a linear ordering 2(, CS1(2) consists of all e-degrees
of zg sets. The first jump co-degree of 2 is 0.

Example (Slaman,Whener)
There exists a structure 2l s.t.

DS(2) = {a:aistotal and 0, < a}.

Clearly the structure 2 has co-degree 0, but has not a
degree.
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Example (Downey, Jockusch) Degree Spectra
Let G be a torsion free abelian group of rank 1, i.e. Gis a

subgroup of Q. There exists a set called the standard

type of the group S(G) with the following property:

The Turing degree spectrum of G is precisely

{dr(X) | S(G) € TI(X)}.

Example (Coles, Downey, Slaman)

Let A C N. Consider C(A) = {X | A€ £9(X)}. By Richter
there is a set A such that C(A) has not a member of least
Turing degree.

For every sets Athe set: C(A) = {X' | A€ £%(X)} has a
member of least degree.

Every torsion free abelian group of rank 1 has a first jump
degree.



Representing the principle countable ideals earee Specta
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Degree Spectra
Example (Soskov)
Let G be a torsion free abelian group of rank 1.
Let sg be an enumeration degree of S(G).
» DS(G) = {b: bis total and sg <¢ b}.
» The co-degree of G is sg.
» G has a degree iff s is a total e-degree.

» If 1 < n, then sg’) is the n-th jump degree of G.
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Degree Spectra

Example (Soskov)

Let G be a torsion free abelian group of rank 1.
Let sg be an enumeration degree of S(G).

» DS(G) = {b: bis total and sg <¢ b}.

» The co-degree of G is sg.

» G has a degree iff s is a total e-degree.

» If 1 < n, then sg’) is the n-th jump degree of G.

For every d € D, there exists a G, s.t. sg =d.

Corrolary

Every principle ideal of enumeration degrees is CS(G) for
some G.
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Degree Spectra

Example (Soskov)
Let By, ..., Bn,... be a sequence of sets of natural
numbers. Set 2 = (N; f; o),

f((i,n)) =(i+1,n);
o={{,n):n=2k+1Vvn=2k & i€ Byx}.

Then CS() = I(de(By), .. ., de(Bp), - ..)
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Spectra with a countable base
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Degree Spectra
Definition
Let B C A be sets of degrees. Then B is a base of A if
(vae A)(3b € B)(b < a).
Theorem (Soskov)

A structure 21 has a degree if and only if DS(2) has a
countable base.



An upwards closed set of degrees which is Deares Specta
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Upwards closed sets
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Degree Spectra

Definition
Let A C De. A is upwards closed with respect to total
enumeration degrees, if

ac Abistotalanda<b=D>bc A.

The degree spectra are upwards closed with respect to
total enumeration degrees.
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Degree Spectra

Let A C D, be upwards closed with respect to total
enumeration degrees. Denote by

co(A)={b:beDe& (Vac A)(b<ea)}.

» (Selman) A; = {a:ac A& aistotal}
= Co(A) = co(A).
» Letb € Do and n > 0.

Apn={a:ac A&b<al} = co(A) = co(Apn).



Properties of degree spectra and co-spectra ~ “ e
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Degree Spectra

» Letc € DS,(2() and n > 0. Then
CS(A) = co({a|a e DS(A) & al" = ¢}).

» A minimal pair theorem:
There exist f and g in DS(2):

(Va € De)(Vk)(a <e fK) & a <o g = a e CSk(Q)).

» Quasi-minimal degree:
There exists qg quasi-minimal for DS(2()
> o & CS(A);
» for every total e-degree a: a >, o = a € DS(2() and
a<gqo=acCS*).



An upwards closed set with no minimal pair <=
T
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Degree Spectra

Let 24, ...,2, be given structures.

Definition
The relative spectrum RS(2(,2l+ ..., 2,) of the structure 2
with respect to 24, ..., 2, is the set

{d.(f""(A)) | fis an enumeration of A &
(Vk < n)(F1(Ax) <e £ (20)9)}

It turns out that all properties of the degree spectra
remain true for the relative spectra.



w-Degree Spectra

Relatively intrinsically X0 sets

Alexandra A.
Soskova

Degree Spectra

Let o < wCK.

Definition
A set Ais intrinsically relatively ¥° on 2L if for every
enumeration f of 2 the set f~1(A) is X0 relative to f~1(2).

Theorem (Ash, Knight, Manasse, Slaman, Chisholm)

A set A is intrinsically relatively ¥° on 2 iff the set A is
definable on 2 by a ¢ formula with parameters.
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Relatively a-intrinsic sets
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Degree Spectra

Let B = {B,},<¢ be a sequence of sets, ¢ < wik.
Definition

A set Ais relatively a-intrinsic on 2L with respect to B if for
every enumeration f of 2 such that

(Vy < E)(F1(B,) <e F~1(A)M)) uniformly in v < ¢

F~1(A) <. F1(2)@.

Theorem (Soskov, Baleva)

A set A is relatively a-intrinsic on 2L with respect to B iff A
is definable on A, B by specific kind of positive L& formula
with parameters, analogue of Ash’s recursive infinitary
propositional sentences applied for abstract structures.
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Degree Spectra

Theorem (Selman)
A< Biff(vX)(Bisc.e.inX = Aisc.e. inX).

Theorem (Case)
A <e Ba 0 iff (vX)(B € X

n+1
Theorem (Ash)
Formally describes the relation:
RR(A, By, ..., By) iff
(VX)Bo € X & ... & Bx € fo+1 = Aec Zﬁ,(+1].

= AcTX ).



w-Enumeration Reducibility

» Uniform reducibility on sequences of sets
» S the set of all sequences of sets of natural numbers
» For B ={Bp}n<. € S call the jump class of B the set

Js = {dr(X) | (Vn)(By is c.e. in X" uniformly in n)} .

Definition (Soskov)
A <, B (A is w-enumeration reducible to B) if Jg C J4

> A=, Bif Jy = .

w-Degree Spectra

Alexandra A.
Soskova

w-Enumeration
Degrees



w-Enumeration Degrees

» =, is an equivalence relation on S.

» a,(B)={A| A=, B}

» D, ={d,(B) | B €S}

» If AC Ndenoteby Atw={A0,0,...}.
» Forevery A BCN:

A<.B <= Jpp Cdatw = ATw <, Brw.

» The mapping x(d.(A)) = d,(A T w) gives an
isomorphic embedding of D, to D,,.

w-Degree Spectra

Alexandra A.
Soskova

w-Enumeration
Degrees
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Let B = {Bn}n<w c S. Soskova
A jump sequence P(B) = {Pn(B)}n<w:
1 ’PO(B) — BO cs(;l;?:ergeration
2 Ppi1(B) = (Pn(B))' & Bp1
Definition

Let A= {An}n<w, B={Bn}n<w € S.

A <. B (A is enumeration reducible B ) iff

An <e Bp uniformly in n, i.e. there is a computable
function h such that (Vn)(An = T h(n)(Bn))-

Theorem (Soskov, Kovachev)
A<, B <= A<.P(B).

Proposition
(n < k) RZ(A7 BO7 R Bk) — A <e ,Pn(Bo, ceey Bn)
(n> k) RI(A,By,...,Bx) < A<ePk(Bo,...,B)"h.



w-Enumeration Degrees P
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Let B = {Bn}n<w eS. Soskova
A jump sequence P(B) = {Pn(B)}n<w:
1 770 (B) = BO &S;;P:geratuon
2 Pni1(B) = (Pn(B)) @ Bpit
Proposition
» B <¢ P(B).
> P(P(B)) <e P(B).
» B=, P(B).

> A< B= A<, B.

Lemma

Let Ag, ..., A, ... be sequences of sets such that for
everyr, Ar £, B. There is a total set X such that

B <, {X"™,_, and A, £, {X"},_, foreachr.



w-Degree Spectra

w-Enumeration Jump
Alexandra A.

Soskova

w-Enumeration

Definition (Soskov) o
For every A € S the w-enumeration jump of A is

A" = {Pni1(A)}nce
We have that J), = {a’ | a € J4}.

Proposition

1. A<, A
2. A<, B= A<, B,

> d,(A) = du(A')
> d,(A)M = d,(AM).
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Let A = (N; Ry, ..., Rk, =, #) be an abstract structure and
B = {Bn}n<w be a fixed sequence of subsets of N.

The enumeration f of the structure 2 is acceptable with
respect to B, if for every n,

w-Degree Spectra

f~1(Bn) < ()™ uniformly in n.
Denote by £(2, B) - the class of all acceptable
enumerations.

Definition
The w- degree spectrum of 2 with respect to
B = {Bn}n<. is the set

DS(A, B) = {a.(f'(A)) | f € £, B)}
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w-Degree Spectra

The notion of the w-degree spectrum is a generalization
of the relative spectrum:

» RS(A,24,...,2,) = DS(2, B), where B = { By }k<w,
» By =10,

» B is the positive diagram of the structure 21, k < n
» By =0 forall k > n.
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It is easy to find a structure 21 and a sequence B such
that DS(2L, B) # DS(2l).
A ={N, S, =, #}, where w-Degree Spectra
S={(n,n+1)|neN}.
» 0. € DS(2() and then all total enumeration degrees
are elements of DS(2).

» By =/, B, =0 foreach n> 1.

» Let f € £(A, B) and f(xp) = 0.

» ke By, < (3x1)...3x)(F(S)(x0, X1) & ... &
F1(S)(Xk—1, Xk) & Xk € F1(Bp)).

> By <o F1(A) @ F71(Bp) <e £ ().

» Then (V <. By < f~'(2). Thus 0. & DS(2, B).

v

v



w- Deg ree SpeCt ra w-Degree Spectra

Alexandra A.
Soskova

PropOS|t|On w-Degree Spectra
DS(2, B) is upwards closed with respect to total
e-degrees.

Lemma

Let f be an enumeration of 24 and F be a total set such
that f~1(A) <. F and f~1(By) <. F(") uniformly in n.
Then there exists an acceptable enumeration g of 2 with
respect to B such that g~ (2) =, F.
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Definition
The kth w-jump spectrum of 2 with respect to B is the set

w-Degree Spectra

DSk (2, B) = {a® | a € DS(A, B)}.

Proposition
DSk (2, B) is upwards closed with respect to total
e-degrees.

Lemma (Soskov)

Let Q C N be a total set, By, ..., Bx C N, such that
Pk({Bo,--.,Bx}) <e Q. There is a total set F such that:

» FK) = Q.
> (¥ < K)(B, <o FO).
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For every A C D, let
co(A)={b|beD, & (Vac A)(b <, a)}.

Def| n ition w-Degree Spectra
The w-co-spectrum of 2 with respect to B is the set

CS(2, B) = co(DS(2L, B)).

For every enumeration f of £(2(, B) consider the
sequence

> f‘( ) ={T@) & (Bo), ' (B), ...
f1(Bn),-..}

> 7’(f*(l%‘)) =, {1 ()M} ey =0 F1(A) T,
» So f € £, B) iff P(F1(B)) <, F1(A) 1 w.
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Proposition

For each A € S it holds that d,,(A) € CS(2, B) if and only

if A <, P(f~1(B)) forevery f € £(2, B). wegree Spectra
Actually the elements of the w-co-spectrum of 2 with

respect to 15 form a countable ideal in D,,.

Definition

The kth w-co-spectrum of 2 with respect to B is the set

CSk(2, B) = co(DSk(X, B)).

We will see that the kth w-co-spectrum of 2 with respect
to B is the least ideal containing all kth w-enumeration
jumps of the elements of CS(, B).
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Let £ be the language of the structure 2. For each n let
P, be a new unary predicate representing the set B,

» An elementary X/ formula is an existential formula of ~ «Pesree Specta
the form
Yy .. AYmd(Wy, ..., W, Yy, ..., Ym), where ® is a
finite conjunction of atomic formulae in LU {Py};

» A X} formulais a c.e. disjunction of elementary ¥,
formulae;

> An elementary ¥, formula is a formula of the form
Y7 ... AYmd(Wy, ..., W, Yy, ..., Ym), where ® is a
finite conjunction of atoms of the form P, (YY) or
P..1(W;) and =; formulae or negations of X
formulae in LU {Py} U--- U {Pp}.
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Definition

The sequence A = {An}n<. Of sets of natural is formally
k-definable on 2 with respect to B if there exists a
computable function ~y(x, n) such that for each n, x € w
YWy, W,)isa X}, formula, and elements
ti,...,t- of |2 such that for every n, x € w, the following

equivalence holds:

w-Degree Spectra

X €A, <= (A B) =N W, /L, ..., W,/t).

Theorem
The sequence A of sets of natural numbers is formally
k-definable on 2 with respect to B iff d,,(A) € CSk (2, B).



Properties of upwards closed sets

Let A C D, be an upwards closed set with respect to total
e-degrees.

We remind that

co(A)={b|beD, & (vac A)b <, a)}.

Proposition
co(A) =co({a:ac A& aistotal}).

Corrolary
CS(,B) = co({a | a € DS(X, B) & a is a total e-degree}).

w-Degree Spectra

Alexandra A.
Soskova

Properties of the
w-Degree Spectra



Negative results (Vatev)

Let A C D, be an upwards closed set with respect to total

e-degrees and k > 0.

Proposition
There exists b € D such that

v

v

v

v

co(A) #co({a:aec A&b<all

Let de(A) € A and a set B £, A,
Consider B={0,...,0«~Y B, B,...,}.
B<L,ATw=d,(B) & co(A).

B <, C1twforeach Cs.t. B<. Ch.

w-Degree Spectra

Alexandra A.
Soskova

Properties of the
w-Degree Spectra



Negative results (Vatev)

Proposition
Letn> 0. There is a structure 2, a sequence B and
¢ € DSy(2, B) such that if A= {a € DS(, B) | a” = ¢}
then
CS(2, B) # co(A).

v

Consider a linear order 21 which has no n-jump
degree, B =01 w and dg(C) € DSy(A).

Consider ¢ = {0,...,0("Y C.C,...,}.

d.(C) € CS(2), otherwise dg(C) will be an n-jump
degree of 2.

d.,(C) € co(A).

v

v

v

w-Degree Spectra

Alexandra A.
Soskova

Properties of the
w-Degree Spectra
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Theorem

For every structure 2 and every sequence B € S there
exist total enumeration degrees f and g in DS(2l, B) such
that for every w-enumeration degree a and k € N:

a<,f® &a<,g® =aeccs,(B) .



Mlnlmal pa|r theorem w-Degree Spectra
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Proof. Soskova
Case k = 0.

>

>

Let f € £(A,B) and F = f~1(2l) is a total set.
Denote by Ay, Xy, ... X, ... all sequences
w-enumeration reducible to P(f~1(B)).

Consider Cy,Cq,...,Cr... among them which are not M frmeeren
formally definable on 2l with respect to B.

There is an enumeration h such that

Cr o P(h1(B)), r € w.

There is a total set G such that P(h~1(B)) <, Gt w
andC, £, Gt w, r € w.

Thereis a g € £(2, B) such that g=1(2A) =. G. Thus
d.(G) € DS(2, B).

fA<,Ftwand A<, GTwthen A= X, and

A #Cforall | € w. So d,(A) € CS(2L, B).



Mlnlmal pa|r theorem w-Degree Spectra
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Proof. Soskova
l(a)={b|beD, &b <, a} =co({a}).
» CS(2, B) = I(f) n I(g) where f = d.(F) and
g= de(G)'
» We shall prove now that /(f%)) N 1(g(K)) = CSk(, B)
for every k. Miiral Pa Teorem
» £K), g(k) € DS, (2, B) = CSk(2A, B) C (X)) n 1(gtk)).
» Suppose that A = {An}new, A <, F®) 1w and
A<, GB 1w,
» Denote by C = {Cs}n<., the sequence such that
Cn=0forn< k,and C, x = A, for each n.
» A<, c c<, FtwandC <, Gtw=
d.(C) € CS(, B).
» Let he (2, B). ThenC <, h™'(A) 1 w and thus
Ch) <, (h1(A) 1 w)K),
» Hence d,(A) € CSk(2L, B). Ol
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Countable ideals of w-enumeration degrees
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Corrolary
CSk(2L, B) is the least ideal containing all kth w-jumps of
the elements of CS(2, B).
» | = CS(2, B) is a countable ideal;
> CS(, B) = I(f) N (g);

IK) - the least ideal, containing all kth w-jumps of the
elements of /;

v

v

(Ganchev)

I=1(f) N I(g) = I = I(§K)) 1 I(g(¥)) for every k;
I(f59) N 1(gk)) = CSk (2, B) for each k

Thus 1K) = CSk(2A, B).

v

v
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There is a countable ideal / of w-enumeration degrees for
which there is no structure 2 and sequence B such that
I =CS(2, B).

>

>

A=1{0,0,0",...,00M .}
I=1(A)={a|acD,&((3n)(a<,0M)}-a
countable ideal generated by A.

Assume that there is a structure 21 and a sequence B
such that / = CS(2, B)

Then there is a minimal pair f and g for DS(2(, B), so
1) = J(§(M) 1 I(g(™) for each n.
f > 0(" and g > 0(") for each n.

Then by Enderton and Putnam [1970], Sacks [1971]:
# >0« and g” > 0.

Hence I” # I(f") N I(g”). A contradiction.

Minimal Pair Theorem



QuaSi'Minimal Degree w-Degree Spectra

Alexandra A.
Soskova

Theorem

For every structure 2L and every sequence B, there exists e

F C N, such thatq = d,(F 1 w) and: S
1. q ¢ CS(, B);

2. Ifais a total e-degree anda >, q thena € DS(, B)
3. Ifais a total e-degree anda <,, q thena € CS(, B).



QuaSi'Minimal Degree w-Degree Spectra

Alexandra A.

Proof. Soskova

» (Soskov) There is a partial generic enumeration f of
2l such that d.(f~"(2)) is quasi-minimal with respect
to DS(2() and f~1(2A) Z. D(2A).

» (Ganchev) There is a set F such that F~1(2) <. F,
f~1(B) <., F 1 w and for total X:

X < F= X< 71().
» Setq = d,(F 1Tw)and let X be a total set.

» Ifq eCS(Ql B) then d,(f~'(2) T w) € CS(2A, B).
Then F=1(2A) <. D(2). A contradiction.

» If X <. Fthen X <. f~'(A). Thus d.(X) € CS(A).
But DS(2, B) € DS(2). So d,(X 1 w) € CS(, B).

» If X >, F then X >, f~1(21). Hence dom(f) is c.e. in
X. Let p be a computable in X enumeration of
dom(f). Set h = An.f(p(n)). So h™1(B) <. X T w.
Then a.(X) € DS(X, B). O
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w-degree spectra

Alexandra A.
Soskova

» Questions:
» Is it true that for every structure 2 and every
sequence B there exists a structure 98 such that
DS(B) = DS(2, B)?
» |f for a countable ideal I C D,, there is an exact pair
then are there a structure 2 and a sequence B so
that CS(2, B) = I?
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